Abstract. Multiple discrete Hilbert type inequalities are established in the case of non-homogeneous kernel function by means of Laplace integral representation of associated Dirichlet series. Using newly derived integral expressions for the Mordell-Tornheim Zeta function a set of subsequent special cases, interesting by themselves, are obtained as corollaries of the main inequality.
Introduction
Let p be the space of all complex sequences x = (x n ) ∞ n=1 with the finite norm
∈ q be nonnegative sequences and 1/p + 1/q = 1, p > 1. Then (1) m,n∈N
where constant π/ sin(π/p) is the best possible [3, p. 253] . This is the famous discrete Hilbert double series theorem or Hilbert inequality, a topic of interest of many mathematicians now-a-days too. The accustomary approach to deriving Hilbert's inequality is by applying the Hölder inequality to suitably transformed Hilbert type double sum expression, i.e., to the bilinear form ∈ p , n (2−r)/q b r ∈ q , Pogány [7] recently deduced 
is the best possible. The conditions
secure the finiteness of C λ,ρ [7, Theorem 1] , B(·, ·) denotes the Euler Betafunction and λ, ρ : R + → R + are monotone increasing positive functions such that
and their restrictions are
. Let us define more general Hilbert type series. Let m ∈ N 2 := {2, 3, . . .}, a j , j = 1, m be nonnegative sequences and let λ 1 , . . . , λ m : R + → R + be monotone increasing positive functions such that (6) lim
and their restrictions are λ j N = λ j = (λ j (n j )) ∞ nj =1 . Let us denote n := (n 1 , . . . , n m ) an m-dimensional positive integer index (running on N m ). Then the multiple Hilbert-type series reads
Our main goal is to derive a sharp upper bound to (7) . Here, and in what follows, I(x) = x denotes the identity function, f −1 (x) stands for the inverse of some f (x) and [X] , {X} are the integer part and the fractional part of some X. Furthermore, D λ (x) will stand for the Laplace integral expression of the Dirichlet series [8, §5] 
n=1 a n dt for positive monotone increasing (λ(n)) ∞ n=1 satisfying (6) . The internal sum we find using the Euler-Maclaurin summation formula given in the form [8, §6] 
where the differential operator
2. The main result 
and all λ j satisfies (5). Then we have
where the constant factor equals (11)
stand as the suitable abbreviations for m-tuple integrals, while dx :
Proof. Assume q > 1 and rewrite the m-tuple sum into the form:
Then, making use of the generalized Hölder inequality with p
Transforming the general term of the multiple series by the Gamma function, we conclude
Now, we apply the Laplace integral result (8) to all Dirichlet series
and calculate the inner-most counting sum by the Euler-Maclaurin summation formula (9) . We conclude
Therefore, we easily get
. Now, the right hand bound becomes
Since all above involved series are convergent, the associated integral expressions are convergent as well. So, all interchanges of integration order are enabled. Reducing the last expression, we finish the proof.
Integral representation of Mordell-Tornheim Zeta-function
In 1950 Tornheim [10] introduced the double series (15) T (p, q, r) = [2] , [9] , [11] , [12] .
Matsumoto [5] Our goal is here to obtain an integral representation for the real parameter Mordell-Tornheim Zeta ζ M T,m . We give two different kind integral expressions for this special function. Then the inner sums become
Since all above series are convergent, their integral expressions converge simultaneously. The integration order interchanges are legitimate. Thus, straightforward steps result in the desired relation (17). Another kind integral expression can be given specifying Φ j (n j ) = n r j j , λ j (n j ) = n j , j = 1, m; µq = s in (12) . Then, by means of (13)- (14) we deduce the following result.
Theorem 3. Let the situation be the same as then in the previous theorem. Then we have
where the notations coincide with the ones in (10).
If we recall the proof of Theorem 3 and specify m = 2, we get a new integral representation of the Tornheim series T (p, q, r). 
Special cases
In this chapter we return to our multiple Hilbert-type series in which specifying step-by-step the functions Φ j , λ j , j = 1, m we get various special cases for H m (ρ, a, λ) and its upper bounds.
Following the proving procedure of Theorem 1, we conclude
by (9) we have
So, we easily deduce the subsequent result. 
where the constant factor equals
, making use of abbreviations from Theorem 1. 
with the use of notations from Theorem 1.
Second, we can apply the calculated integral representation (21) for ζ M T, m exposed in Theorem 3.
with the use of abbreviations analogous to ones in Theorem 1.
Proof. Consider the starting inequality (23). Now, we have
Summing the associated Dirichlet series, having on mind their Laplace integral representations, by means of (9) we get
Now, obvious transformations lead to the desired inequality.
Two-dimensional Theorem 1
Taking m = 2 in Theorem 1 we deduce the following result. 
Then (27)
n1,n2∈N a n 1 a n 2 (λ 1 (n 1 ) + λ 2 (n 2 )) µ ≤ C Here the constant C a n 1 a n 2 (n 1 + n 2 ) µ ≤ C 
